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Abstract—Let p(z) be a polynomial of degree n having all its zeros
on|z|:k,k£1.

In this paper, we prove a result concerning the higher power growth
of p(z) which not only improves as well as generalizes a result

proved by Dewan and Ahuja [ J. Math. Ineq., 5(3)(2011), 355-361.],
but also has interesting implications to earlier results.
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1. INTRODUCTION

For an arbitrary entire function f(z), we denote

M (f,r)=max f(z)| and higher powers of M(f,r)by

|z|=r
{M(f,r)}swhere sis a positive integer. It is a simple

consequence from maximum modulus principle that [5, Vol. 1,
p. 137, Problem 111, 269] that for a polynomial p(z) of

degreen
M(p,R)<R"M(p,1), R>1. (1.2)

The result is best possible and equality occurs in (1.1) for
p(z)= 12", A #0.

If we restrict ourselves to the class of polynomials having no
zero in|z| <1, then inequality (1.1) can be sharpened. In fact,

it was shown by Ankeny and Rivlin [1] that if p(z)=0in
|z| <1, inequality (1.1) can be replaced by

M(p,R)s(

Inequality (1.2) is sharp and the extremal polynomial is
p(z)=a+pz", where|a|=|A|.

n
R" +1 (1.2)

jM(p,l),RZL

For the class of polynomials not vanishing in|z| <k k>1,
Shah[7] proved that for any R>k ,

(5.0 T Jo - T3 o

(1.3)

The result is best possible fork =1 with the polynomial being
p(z)=2"+1.

While trying to obtain inequality analogous to (1.2) for
polynomials not vanishing in |z| <k ,k <1, it had only been

able to prove the following result by Dewan and Ahuja [2] for
the particular class of polynomials having all its zeros on

|z|=k ,k <1.Infact, they prove

n
Theorem A. If p(z):ZaUz“ is a polynomial of degree n
v=0

having all its zeros on|z|=k ,k <1, then for R >1and every
positive integer s

MR < M ()
) nan) {K" (17 )+ K2 (R™ ~1)| -+ fay 4 (26" + R™ -1
n\an\(1+ k2)+2\an_1\

(1.4)

In this paper, we prove an improvement as well as a
generalization of Theorem A which has further interesting
implications. More precisely, we obtain

n
Theorem. If p(z)= Zauz“ is a polynomial of degreen>2
v=0
having all its zeros on|z| =k , k <1, then for any arbitrary
complex number # 1<r<Rand every positive integers

{p(Re")f" {pp(re")]"| <= 47| (M (p.r)f

(R”s - r”s) (n|an|k2 +|an_1|)

k" n|an|(1+k2)+2|an_l|

ns ns ns—-2 ns—2

<p-p°

+A M (p, 1))

ns ns—2

if n>2 (1.5)
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where

A=1—(1—i2j 20| ,

r2)M(p,1)
‘{p(Reig)}s—{ﬂp(rem)}s {M(p,r)}S

(Al
k? 2|a2|(1+k2)+2|a1|

RZS _ I,25 RZs—l _ I,25—1 s1
e

if n=2’

where
1) |ao]
A=1-1-—
( rsz(p,l)_

Remark. 1.1. If we put r=1 and S=0in our theorem and

considering maximum, the first two inequalities immediately
reduce to a result of Pukhta [6].

s‘l—ﬂs

+ A {M(p, 1)

(1.6)

n
Corollary 1.1. If p(z):ZaUz" is a polynomial of degree

v=0
n>2 having all its zeros on|z| =k ,k <1, then for R >1and
every positive integer s

ns nla,|k? +a,._
R . lj ( | n| _ | nl|) {M(p,l)}s
k n|an|(1+k )+2|an_1|

R e (I CR

ns ns—2

M(p.R)} s[1+

if n>2
o (1. RE-1) (2[a[K" +[al) :
(ICLVEI R }2a2(1+k2)+231{M<p,1>}

_Sal[ R*-1_ Rz“—lj{M (>, 1)}371

2s 2s-1
ifn=2
Further, Corollary 1.1 is an improvement of Theorem A
proved by Dewan and Ahuja [2].
Remark. 1.2. An interesting aspect of our theorem is that we
. S . S
{p(Re“g)} _{ﬁp(reue)}

obtained in terms of the growths of the polynomial on two
circles of radii ' such that 1<r <R and 1. Moreover, the

{p(Re”’)}s—{ﬁp(rew)}s‘ can be interpreted

estimate an upper bound of

quantity

geometrically as the modulus of the difference of the values
of the s* power, S any positive integer, of the polynomial
p(z) concerned and the coefficient-perturbed polynomial
Bp(z)obtained from p(z)by multiplying every coefficient
by an arbitrary complex number g, respectively evaluated at

the corresponding points where an arbitrarily fixed ray from
the origin of the complex plane intercepts on two concentric
circles of radii R and r, wherel<r <R, centered at the
origin. It is worth to note that polynomial p(z) and its

perturbed counterpart ﬁp(z) have the same set of zeros on the
circle|z] =k, k<1.

Remark. 1.3. When we assign s=r=1 and g=0in our

theorem we get the following which is an improvement of a
result of Dewan and Ahuja [2, Corollary 3].

n

Corollary 1.2. If p(z):ZaUz“ is a polynomial of degree
v=0

n>2 having all its zeros on|z|=k ,k <1, then for R>1

_ nla,|k? +|a,_
M(p,R)S(l+ R" l] ( | n| | nl|> M(p,l)
k" n|an|(1+k2)+2|an,1|

R"-1 R"?-1
—s|a1| n  n-2

R 1J (2|a2|k2+|a1|)
k? 2|a2|(1+k2)+2|a1|

| ()

M (p.1)

if n=2.

Remark. 1.4. When we set k=s=r=1 and S=0in the
theorem, we get the following improved version of a result of
Dewan and Ahuja [2, Corollary 2] which further gives the
parallel improved match of inequality(1.2) due to Ankeny
Rivlin [1], in case all the zeros of the polynomial lie on the
unit circle.

Corollary 1.3. If p(z)is a polynomial of degree n having all
its zeros on |z| =1, then for R>1

R" +1 R"-1 R"2-1).
M (p,R)< 5 M(p,l)—s|al|[ — ]lfn>2,
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and . S . s . s
p(Re|9 ~18p rel&) :(1_ﬂs D rel?
M (p.R)< R2+1M(p,l)—slall{Rz_l—(R—l)} ifn=2. [p(Ee ) =forl=) | (R){G)g {)}( Ie)}s-(3.2)
+{p(Re —{plre
2. LEMMA which implies
The following lemmas are needed for the proof of the
theorem. ‘{p(Reig)}s —{ﬁp(reig)}s S‘l—ﬁs {M (p,r)}

n
Lemma 2.1. If p(z)=2auz“ is a polynomial of degree n
v=0
having all its zeros on the circle |z| =k, k <1, then
R N
n|an|(1+ k2>+2|an71|

=

}M (p.1) (2.2)

This lemma was by Dewan and Mir [3].

n
Lemma 2.2. If p(z):ZaUz” is a polynomial of degree n,

v=0
then forR >1 M(p,R)S RnM(p,l)—(Rn—Rn_2)|aO|,
if n>1, (22)
and

M(p.R)<RM(p,1)—(R-Day|,if n=1.  (23)

The above results were due to Frappier et.al [4].

Lemma 2.3. If T > 0is any constant then fort > 0 the function
f(t)=1-TA-t7?) (2.4)

is non-increasing function of t.

Proof of Lemma 2.3. The proof is simple and is implied, for
example, by derivative test.

3. PROOF OF THE THEOREM

We first prove inequality (1.5). By hypothesis p(z) is a
polynomial of degree n having all its zeros on |z| =k, k<1
and by applying Lemma 2.1, we have

0 { nfan K + Jay 4|

M2 <im n|an|(1+k2)+z|an1|}M(p’l)

kn
for|z|=1. (3.1)

For eachd, 0<6<27, 1<r <R, any complex number g
and any positive integer s, we have

from which it is implied that

[ome)f ~{olre")
< sj? ‘ P (teig )‘H ‘ p'(teig )‘dt

As p(z) is a polynomial of degreen>2, the polynomial

(3.4)

p'(z)is of degreen—1>2, therefore applying the same
inequality (2.2) of Lemma 2.2 to both p(z) and p’(z), we

have for any t>1and 0<@<2r
‘p(tem)‘ <t"M (p, 1)—(t” —t”‘2)|a0| . (3.5)

and

‘p’(tew )‘ <t"*M(p’, 1)—(t”’1 —t”’3)|al| . (3.6)

Inequality (3.4) in conjunction with inequalities (3.5) and (3.6)
gives

‘{p(R e"’)}s _{ p(r¢ei9)}s < s.F!i {t”M (p, 1)—(t” —t”’z)\ao\}s
i (B 1)~ (1 77y ot
(p. 1)}

R n s-1 2 st (37)
:sJ' ("™ {1—(1—t )M(a; 1)}

x{t‘HM (P 2)—(e" —t“’3)‘a1‘}dt

-1
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: 2y 3|
By (2.4) of Lemma 2.3, the function 1-(1-t2)———isa
( ) M (p, 1)
non-increasing function of t>0and, in particular, for
1<r<t, we have
1-(1-t? ﬂg— 1-r? ﬂ. 3.8
Ry = ey oo

Inequality (3.7) on using (3.8) becomes

‘{ p(R el )}S —{ p(reig)} < sAS‘lT {

r

x{t”*1M (p, 1)—(t

M (p D}
"’1—t“’3)|a1|}dt

where

Azl_(l_ijﬂ

r2)M(p, 1)

Using inequality (3.1) for M (p’,1) in the above inequality,
we obtain

[o(re”)"~{p(re")] <5

o

e
} [t -t 3)a1]dt
=sAH{M(p,1

R 2
ns-1 N n‘an‘k +‘an—1‘ M (. 1)— (s _¢ns-3
X-[l} o {nan(1+k2)+zan1 (p.1) (t )‘a‘
= AS{{M (p, 1)}S (Rns ,rns) (n\an‘kz +‘a"*1‘)

K" n\an\(l+k2)+2\an4\

RMS _ NS Rns—z _ rns,—2 s-1
—sa1£ s ns—2 ]{M(p,l)} }

Nfag [K* + a4

\a 1+k? +2\an 1

(3.9)

Combining (3.3) and (3.9), the desired result follows.

Next, inequality (1.6) is proved.

Since p(z) is a polynomial of degreen =2, the polynomial
p’(z) is of first degree and therefore applying inequalities

(2.2) and (2.3) of Lemma 2.2 respectively to p(z) and p'(z),
we have forany t >1and 0<6 <27

‘p(tei‘g)‘stzM(pl ( —1)|a0| (310)

and

[p(te")| <M (p', 1)~ (t-D)fay] (3.11)
The proof of this part follows on the same lines as that of
inequality (1.5), but instead of using inequalities (3.5) and
(3.6), we use respectively the above inequalities (3.10) and
(3.112).

Hence the proof of the theorem is complete.
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